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Answer all the question. Give complete answers.

1. Show that the vector space of all polynomials on [0, 1], is not a Banach space under
any norm.

2. Let H be a complex Hilbert space. Let x1 · · · xk be a set of orthonormal vectors.
For any x ∈ H, and complex numbers z1, · · · zk, show that

|| x−
k∑

j=1

zj xj || ≥ || x−
k∑

j=1

< x, xj > xj ||

3. Let X be a normed linear space and let T : X −→ X be a linear map such that
xn −→ 0 implies, T (xn)n≥1 is bounded. Show that T is continuous.

4. Let {Xn}n≥1 be a sequence of Banach spaces. Let Y = {{xn}n≥1 : xn ∈ Xn and lim
n−→∞

|| xn || =
0}. Show that Y is a Banach space.

5. Let Y be as in question 4. Let x∗
n ∈ X∗

n be a sequence such that
∞∑
n=1

|| x∗
n || < ∞.

Define T : Y −→ R by T ({xn}n≥1) =
∞∑
n=1

x∗
n(xn). Show that T is a well-defined,

linear map. Show that || T || =
∞∑
n=1

|| x∗
n ||.

6. Consider the Hilbert space, ℓ2 = {{αn}n≥1 :
∑

| αn|2 < ∞}. Let f : ℓ2 −→ C be a
linear map, that is not continuous. Show that ker f is a dense subspace of ℓ2. (Hint:
Let B(0, 1) be the unit ball. Show f(B(0, 1)) = C).

7. Let {fn}n≥1 ⊂ L1[0, 1] be such that
1∫
0

| fn| dλ −→ 0. Show that ∃ a subsequence

{fnk
}k≥1 of {fn}n≥1 such that fnk

−→ 0 a.e.

8. Show that the space of continuous functions with compact support on R is not a
Banach space w.r.t the supremum norm.


